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The generalized uncertainty relation applicable to quantum and stochastic systems is derived
within the stochastic variational method. This relation not only reproduces the well-known in-
equality in quantum mechanics but also is applicable to the Gross-Pitaevskii equation and the
Navier-Stokes-Fourier equation, showing that the finite minimum uncertainty between the position
and the momentum is not an inherent property of quantum mechanics but a common feature of
stochastic systems. We further discuss the possible implication of the present study in discussing the
application of the hydrodynamic picture to microscopic systems, like relativistic heavy-ion collisions.
I. INTRODUCTION
Variational formulation is the standard approach to in-
corporate symmetries of a given system which play fun-
damental roles in its dynamics. Unfortunately, there ex-
ist several cases where such an approach is not applica-
ble. Therefore the extension of the variational principle
is worthwhile to be investigated [1].
Let us consider for example the variational formula-
tion of classical mechanics. There, the evolution of a
system is described by optimizing the corresponding ac-
tion with respect to virtual trajectories for which we can
define at least the second order time derivative. There-
fore, if we extend the domain of the virtual trajectories to
include non-differentiable trajectories such as the Brow-
nian motion, we should introduce a new variational ap-
proach [2]. Such a generalization of the variational prin-
ciple is known as the stochastic control problem in the
stochastic calculus and there are various works to gen-
eralize the variational principle in this direction [1, 3–
19]. In this paper, we consider the stochastic variational
method (SVM) proposed by Yasue [1].
This generalization of the variational principle provides
us a possible unified description of classical and quantum
behaviors. In fact, we can derive the Schro¨dinger equa-
tion by employing the stochastic variation to the action
which leads to the Newton equation under the applica-
tion of the classical variation. Although the framework
of SVM was originally proposed to reformulate Nelson’s
stochastic quantization [20], its applicability is not re-
stricted to the quantization problem. The Navier-Stokes-
Fourier equation is obtain by employing the stochas-
tic variation to the classical action of the Euler (ideal
fluid) equation [21]. This method is useful also to in-
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troduce the model where the quantum and classical de-
grees of freedom coexist [22]. It is also worth mentioning
that Schro¨dinger developed a classical probability the-
ory where the probability density is given by the product
of real wave functions. This is called reciprocal process
[23–33]. In Ref. [27], it is shown that the evolution of
the reciprocal process can be formulated in the form of
SVM.
Such a generalized perspective enables us to find the
correspondence between stochastic and quantum behav-
iors. For example, there exists the well-known fundamen-
tal limitation for simultaneous measurements between
two canonical variables in quantum mechanics. This
uncertainty principle by Heisenberg constitutes one of
the intrinsic features of quantum mechanics. Mathemat-
ically, its origin traces back to the non-commutative na-
ture of the operators corresponding to the observables in
question. On the other hand, in the framework of SVM,
the observables are expressed as not only operators but
also stochastic quantities [18, 34]. Thus the algorithm
to derive the uncertainty relation in SVM is not obvious.
Once this is clarified, we may extend it to other systems
which contain (sometimes hidden) intrinsically stochastic
nature, such as hydrodynamics. The uncertainty relation
of hydrodynamics may further offer a clue to find possi-
ble quantum effects when hydrodynamic approaches are
applied to microscopic systems, like relativistic heavy-ion
collisions.
As is pointed out by Nelson in Ref. [35], when the
stochastic trajectory is identified with the real trajec-
tory of a particle, a presumable requirement of physics
(separability) cannot be employed. As is seen later, how-
ever, the stochastic trajectory does not necessarily have a
physical reality in our discussion of the uncertainty rela-
tion. Therefore we will not go into the details of the inter-
pretation of the stochastic trajectory in Nelson’s stochas-
tic approach.
In this paper, we discuss the generalized uncertainty
relation in the framework of SVM. For this purpose,
we introduce the Hamiltonian formalism of SVM, which
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2is applicable to particle systems and continuum media
of quantum and classical dynamics on an equal foot-
ing. This enables us to define the standard deviation
of the momentum for general stochastic trajectories and
hence to derive the generalized uncertainty relation. As
a special case, this reduces to that in quantum mechan-
ics. When it is applied to water at room temperature,
we find that the obtained minimum uncertainty is two
orders of magnitude larger than that of quantum me-
chanics, although it is still sufficiently small compared to
the coarse-grained scale of hydrodynamics. Such a mini-
mum uncertainty will play an important role in applying
hydrodynamics to a microscopic system like relativistic
heavy-ion collisions.
This paper is organized as follows. In Sec. II, we first
introduce the Hamiltonian form in SVM. In Sec. III, we
define the standard deviation of the momentum in SVM
and derive the inequality between the standard devia-
tions of the position and the momentum satisfied for
stochastic systems. The applications to continuum media
is discussed in Sec. IV. Section V is devoted to concluding
remarks.
In the following, kB and c denote the Boltzmann con-
stant and the speed of light, respectively.
II. HAMILTONIAN FORMULATION OF SVM
A. Stochastic Lagrangian
Before introducing the Hamiltonian form, we shortly
review the standard formulation of SVM. See for exam-
ple, Refs. [17, 18] for details.
We consider the trajectory of a (virtual) particle de-
scribed by the following forward stochastic differential
equation (SDE),
dr(t) = u(r(t), t)dt+
√
2νdWt (dt > 0). (1)
Here u(x, t) is a field associated with the particle ve-
locity yet to be determined by the stochastic variation.
In this paper, a difference dA(t) is always defined by
A(t + dt) − A(t), independently of the sign of dt. The
last term generates the zig-zag nature of the trajectory
and called noise term. The intensity of the noise is char-
acterized by ν. We consider that the noise is given by the
(standard) Wiener process Wt which satisfies the follow-
ing correlation properties,
E[dWt] = 0, (2)
E[(dW it )(dW
j
t )] = |dt|δij , (i, j = x, y, z), (3)
where E[ ] indicates the average over stochastic events.
The particle motion described by Eq. (1) can be char-
acterized also by introducing the probability distribution
defined by
ρ(x, t) =
∫
d3ri ρI(ri)E[δ
(3)(x− r(t))], (4)
where r(t) (more precisely r(t; ri) with ri being the initial
position of the particle) is the solution of Eq. (1) and
ρI(ri) is the particle distribution at an initial time ti. As
is well-known, the evolution equation of ρ(x, t) is, using
Eq. (1), given by the Fokker-Planck equation,
∂tρ(x, t) = ∇ · (−u(x, t) + ν∇)ρ(x, t). (5)
In the formulation of the variational method, we should
fix not only an initial condition but also a final condi-
tion. This implies that the forward SDE alone is not
sufficient. We have to consider also a backward process
in time, dt < 0, describing a stochastic process from the
final condition to the initial condition. That is, when
the probability distribution evolves from ρI(x) at ti to
ρF (x) = ρ(x, tf ) at a final time tf following Eq. (5), the
time-reversed process describes the evolution from ρF (x)
to ρI(x). Suppose that this process is given by the back-
ward SDE,
dr(t) = u˜(r(t), t)dt+
√
2νdW˜t (dt < 0), (6)
where W˜t is the Wiener process again satisfying the same
correlation properties introduced above. These SDEs (1)
and (6) are relative to the increasing and decreasing sub-
σ-algebras used below to define the mean forward and
backward derivatives, respectively [20, 29]. For Eq. (6)
to describe the same statistical ensemble given by the
forward SDE (1), we find that the following consistency
condition should be satisfied [18],
u(x, t) = u˜(x, t) + 2ν∇ ln ρ(x, t). (7)
The same property can be reproduced also from the na-
ture of the Bayesian statistics [37].
For the stochastic trajectories, the usual definition of
the particle velocity is not applicable because dr/dt is not
well defined in the vanishing limit of dt due to the singular
behavior of Wt (and W˜t). The possible time differential
in such a case is studied by Nelson [20], finding that there
are two possibilities: one is the mean forward derivative,
Dr(t) = lim
dt→0+
E
[
r(t+ dt)− r(t)
dt
∣∣∣Pt] , (8)
and the other the mean backward derivative,
D˜r(t) = lim
dt→0−
E
[
r(t+ dt)− r(t)
dt
∣∣∣Ft] . (9)
These expectations are conditional averages, where Pt
(Ft) indicates to fix values of r(t′) for t′ ≤ t (t′ ≥ t).
For the σ-algebra of all measurable events of r(t), Pt
and Ft represent an increasing and a decreasing family
of sub-σ-algebras [12]. Then, applying these definitions
to Eqs. (1) and (6), we obtain Dr(t) = u(r(t), t) and
D˜r(t) = u˜(r(t), t), respectively.
To see how we introduce actions expressed in the above
stochastic trajectory r(t), let us consider the classical
Lagrangian for one particle, L(r, r˙) = m2 r˙
2(t) − V (r(t))
3where m is the mass of the particle and V (x) is a po-
tential distributed in x. Due to the existence of the two
definitions of the time derivatives D and D˜, the most
general quadratic form of the kinetic energy in terms of
the stochastic trajectory is given by [19]
m
2
r˙2(t) −→
m
2
[
B+{A+(Dr(t))2 +A−(D˜r(t))2}+B−(Dr(t)) · (D˜r(t))
]
,
(10)
where
A± = 1/2± α1 B± = 1/2± α2, (11)
with α1 and α2 being arbitrary real constants. These
coefficients are chosen to reproduce the classical kinetic
energy in the vanishing limit of ν where the difference
between Dr(t) and D˜r(t) disappears. For related discus-
sions, see also Refs. [38, 39].
By using this expression, the stochastic action which
should be optimized is given by the expectation value of
the time integral of the stochastic Lagrangian,
I[r] =
∫ tf
ti
dtE
[
L(r, Dr, D˜r)
]
. (12)
Here the stochastic Lagrangian is given by
L(r, Dr, D˜r) =
m
2
(
Dr(t), D˜r(t)
)
M
(
Dr(t)
D˜r(t)
)
− V (r(t)),
(13)
using
M =
(
A+B+
1
2B−
1
2B− A−B+
)
. (14)
As will be seen later, the different values of (α1, α2) in
A± and B± enables us to describe quantum mechanics
and hydrodynamics in a unified way.
The discussions developed so far are sufficient to im-
plement the stochastic variation: we obtain the stochas-
tic Euler-Lagrange equation by applying the stochastic
variation to the stochastic action (12). To discuss the
uncertainty relation, however, we need to introduce the
stochastic Hamiltonian.
Note that the particle trajectory discussed here does
not necessarily have a physical reality but is a mathe-
matical tool to implement our variation. As a matter of
fact, we consider the stochastic variation for the trajec-
tory of a fluid element in the application to continuum
media, but, as is well-known, the fluid element is just a
mathematical object which helps our understanding for
the motion of fluids.
B. Hamiltonian form
Let us introduce the Legendre transformation to
change the two variables (Dr(t), D˜r(t)) to (p(t), p¯(t)) in
the stochastic Lagrangian,
H(r,p, p¯) ≡ 1
2
(p(t) ·Dr(t)+ p¯(t) · D˜r(t))−L(r, Dr, D˜r).
(15)
Here we express Dr and D¯r in the above with p and p¯
by using the following relations,
p(t) ≡ 2 ∂L
∂(Dr(t))
p¯(t) ≡ 2 ∂L
∂(D˜r(t))
. (16)
The factor 1/2 in Eq. (15) (and hence the factor 2 in Eq.
(16)) is introduced to reproduce the classical result in the
vanishing limit of ν. This is the stochastic Hamiltonian
and, after some algebra, we find
H(r,p, p¯) =
1
8m
(
p(t) p¯(t)
)
M−1
(
p(t)
p¯(t)
)
+ V (r(t)).
(17)
Here M−1 is the inverse matrix of M . Note that
det (M) 6= 0, to have the inverse matrix.
We can construct the variational principle based on
this stochastic Hamiltonian, as is known in classical me-
chanics, by defining the stochastic action which is a func-
tional of r, p and p¯,
I [r,p, p¯]
=
∫ tf
ti
dtE
[
p(t) ·Dr(t) + p¯(t) · D˜r(t)
2
−H(r,p, p¯)
]
.
(18)
Then the variations are expressed as
a(t)→ a(t) + δha(a(t), t) (a = r,p, p¯), (19)
where δha is an arbitrary smooth infinitesimal function
defined for each event, satisfying the boundary condition,
δha(a(ti), ti) = δha(a(tf ), tf ) = 0. (20)
Finally, the variation of I [r,p, p¯] leads to
Dr(t) =
∂H
∂p(t)/2
, (21)
D˜r(t) =
∂H
∂p¯(t)/2
, (22)[
D˜p(t) +Dp¯(t)
2
+
∂H
∂r(t)
]
r(t)=x
= 0. (23)
The symbol r(t) = x in the third equation indicates that
all stochastic trajectories are replaced with the spatial
parameter x at the last step of the calculations. It is
because we require that the action is optimized for any
distributions of the stochastic variables. The first two
equations give the definitions of p and p¯ which exactly
coincide with Eq. (16). The third equation corresponds
to the stochastic generalization of Newton’s equation of
motion and obtained by Nelson for the first time without
4using the variational approach [20]. We call this equation
stochastic Newton equation.
The parameters α1 and α2 do not explicitly appear
in the stochastic Newton equation and affect only the
definitions of the momenta p and p¯. This fact plays an
important role in finding the standard deviation of the
momentum in Sec. III.
By eliminating p and p¯ from Eq. (23) using Eqs. (21)
and (22), we recover the optimized equation in the La-
grangian formalism. In fact, by using the mean velocity
defined by
um(x, t) =
u(x, t) + u˜(x, t)
2
, (24)
we can represent Eq. (23) as
(∂t + um(x, t) · ∇)um(x, t)−∇ · (µÊ(x, t))
−2κ∇
(
1√
ρ(x, t)
∇2
√
ρ(x, t)
)
= − 1
m
∇V (x),(25)
where
µ = α1(1 + 2α2)ν κ = 2α2ν
2, (26)
and Ê is a symmetric 3× 3 tensor,
Êij(x, t) = ∂ju
i
m(x, t) + ∂iu
j
m(x, t). (27)
In the above, the notation (∇·) represents the contrac-
tion of the vector operator ∇ with one of the indices of
the tensor. The dynamics of the probability distribu-
tion ρ included in Eq. (25) is given by the Fokker-Planck
equation (5).
In the vanishing limit of ν, Eq. (25) reduces to New-
ton’s equation of motion. That is, SVM is the natu-
ral generalization of the classical variational approach.
Depending on the choice of the parameters α1 and α2,
the optimized dynamics by Eq. (25) can describe var-
ious different phenomena. One of the examples is the
choice of (α1, α2) = (0, 1/2) and ν = ~/(2m), where the
Schro¨dinger equation is reproduced [1]. To see it, we
introduce the wave function by
ψ(x, t) =
√
ρ(x, t)eiθ(x,t), (28)
with θ being a velocity potential defined by um(x, t) =
~∇θ(x, t)/m. Then we find that the wave function satis-
fies the Schro¨dinger equation [77],
i~∂ψ(x, t) =
[
− ~
2
2m
∇2 + V (x)
]
ψ(x, t). (29)
That is, the quantization of classical systems can be re-
garded as the stochastic optimization of classical actions.
Our Hamiltonian formulation developed here contains
two momenta p and p¯, but this is different from the
Hamiltonian formulation developed in Ref. [36]. There
the Lagrangian which is symmetric for D and D˜ is em-
ployed and thus only one conjugate momentum associ-
ated with the mean velocity um(x, t) is considered. Note
however that the introduction of the two momenta pre-
sented here plays a crucial role in the construction of the
generalized framework of the uncertainty relation.
C. Continuum medium
The idea developed so far is easily extended to con-
tinuum media [21]. Let us consider the motion of the
fluid which has a mass density ρm(x, t). In the classical
variation, there are at least two approaches to describe
the dynamics of continuum media; one is in the Euler
coordinate and the other in the Lagrange coordinate. To
apply SVM, it is convenient to use the latter.
First, we decompose the fluid into small pieces called
fluid elements. The trajectory of the fluid element which
is initially located at R is denoted by r(R, t). Then the
Lagrangian of this continuum medium in the Lagrange
coordinate is given by [21, 40]
L =
∫
d3Rρ0m(R)
×
[
1
2
(
dr(R, t)
dt
)2
− 1
m
V (r(R, t))− ε(ρm(r(R, t), t))
ρm(r(R, t), t)
]
=
∫
d3R
ρ0m(R)
m
L(r, r˙), (30)
where V (x) and ε(ρm(x, t)) represent the external poten-
tial and the internal energy density of the fluid, respec-
tively. The latter is a differentiable function of the mass
density ρm(x, t). The integral is taken over the initial
position R of the fluid elements with the initial mass dis-
tribution ρ0m(R) = ρm(R, ti). To define the Lagrangian
function L, we introduce m as the averaged mass per
unit constituent particle which agrees with the mass of
the constituent particle itself in the case of the simple
(one-component) fluid. For the classical Lagrangian in
the Euler coordinate, see, for example, Ref. [41].
The initial and posterior mass densities ρ0m(R) and
ρm(r(R, t), t) are given by the relation in the absence of
the turbulence, ρm(r(R, t), t) = ρ
0
m(R)/J , where J is the
Jacobian, J = det |∂r(R, t)/∂R|. See Refs. [21, 40] for
details.
In the application of SVM, we consider the position of
the fluid element r(R, t) as a stochastic variable, which
satisfies Eqs. (1) and (6). Replacing the trajectory of the
fluid element with the corresponding stochastic variable,
the stochastic Lagrangian function is obtained,
L(r, Dr, D˜r) = m
[
1
2
(Dr(R, t), D˜r(R, t))M
(
Dr(R, t)
D˜r(R, t)
)
− 1
m
V (r(R, t))− ε(ρm(r(R, t)))
ρm(r(R, t), t)
]
, (31)
where M is the matrix defined by Eq. (14).
5Then the momenta are defined through the Legendre
transformation as
p(R, t) = 2
∂L
∂(Dr)
p¯(R, t) = 2
∂L
∂(D˜r)
. (32)
These definitions still coincide with those in the particle
case, noting that ρ0m(R) = mδ
(3)(R − r(ti)) in such a
case. Thus the stochastic action is
I[r,p, p¯] =∫ tf
ti
dt
∫
d3R
ρ0m(R)
m
E
[
p ·Dr + p¯ · D˜r
2
−H(r,p, p¯)
]
,
(33)
where H(r,p, p¯) = 12 (p ·Dr + p¯ · D˜r)− L(r, Dr, D˜r).
Implementing the stochastic variation, we find(
p(R, t)
p¯(R, t)
)
= 2mM
(
u(r(R, t), t), u˜(r(R, t), t)
)
,
(34)
and[
D˜p +Dp¯
2
+∇V (r)
− m
ρm(r, t))
∇
(
d
d(1/ρm(r, t)))
ε(ρm(r, t))
ρm(r, t))
)]
r(R,t)=x
= 0.
(35)
The last equation is, by introducing the mean velocity as
Eq. (24), expressed as
(∂t + um(x, t) · ∇)um(x, t)− ∇ · (µρm(x, t)Ê(x, t))
ρm(x, t)
−2κ∇
(
1√
ρm(x, t)
∇2
√
ρm(x, t)
)
= − 1
m
∇V (x)− ∇P (x, t)
ρm(x, t)
, (36)
where the definitions of µ, κ and the symmetric 3 × 3
tensor Ê are the same as before, and P is the adiabatic
pressure defined as
P (x, t) = ρ2m(x, t)
d
dρm(x, t)
ε(ρm(x, t))
ρm(x, t)
, (37)
which satisfies the thermodynamic relation. See also Ref.
[21] for technical details.
In the vanishing limit of ν where µ = κ = 0, Eq.
(36) is reduced to the Euler equation which describes the
dynamics of the ideal fluid. It is known that Eq. (36)
describes the Gross-Pitaevskii and Navier-Stokes-Fourier
equations by choosing the parameters appropriately. See
Ref. [21] and the discussion in Sec. IV.
FIG. 1: The schematic figure for a stochastic trajectory and
velocities. There are at least two different possibilities for the
velocity at the point A.
III. UNCERTAINTY RELATION
In this section, we derive the generalized uncertainty
relation for stochastic systems described in SVM. The
definitions introduced below are applicable to both of
the particle system and the continuum medium.
For the sake of the unified description, we introduce
the notation for the average with respect to the stochastic
events and the mass distribution as
{A}av =
{
E[A] for the particle system∫
d3R
ρ0m(R)
m E[A] for the continuum medium.
(38)
With this, it is natural to define the standard deviation
of the position by
∆xi =
1
N
√
{(ri − {ri}av)2}av, (39)
with the normalization factor,
N =
{
1 for the particle system∫
d3R
ρ0m(R)
m for the continuum medium.
(40)
Thus, this represents the standard deviation of the po-
sition for the particle and that of the center of mass for
the continuum medium, respectively.
On the other hand, because of the two different
quantities p and p¯, the definition of the standard de-
viation for the momentum is not straightforward in
SVM. The appearance of the two momenta is asso-
ciated with the two possible definitions of the veloc-
ities which come from the lack of the differentiabil-
ity of the stochastic trajectories as is shown in Fig. 1:
there are two different inclinations of the particle tra-
jectory at the point A, lim
dt→0+
(r(t+ dt)− r(t))/dt and
lim
dt→0+
(r(t− dt)− r(t))/(−dt). These two limits gener-
ally do not coincide in stochastic systems. See also the
discussion for the uncertainty principle in the original
paper by Heisenberg [42].
As is seen from the stochastic Newton equations (23)
and (35), the two momenta contribute the evolutions of
6the particle and of the fluid element on an equal footing,
independently of the choice of the parameters α1 and
α2. Therefore, it will be adequate to define the standard
deviation of the momentum by the symmetric average of
the two standard deviations for p and p¯ as
∆pi ≡
√
{(pi − {pi}av)2}av + {(p¯i − {p¯i}av)2}av
2
. (41)
The above definitions reproduce the standard deviation
in quantum mechanics, as is shown in Appendix A.
To calculate the standard deviation of the momentum,
we introduce the sum and the subtraction of the two
momenta,
p+ ≡ p + p¯
2
p− ≡ p− p¯
2
, (42)
respectively. Moreover, using the Cauchy-Schwarz in-
equality, we can show that {A2}av{B2}av ≥ |{AB}av|2
for real stochastic variables A and B. Then we find the
following inequalities,
∆xi∆pj+
≥ m
N
∣∣∣{(ri − {ri}
av
)(ujm −
{
ujm
}
)
}
av
− µNδij
∣∣∣ ,
(43)
∆xi∆pj−
≥ m
νN
∣∣∣µ{(ri − {ri}av)(ujm − {ujm}av)}av − κNδij∣∣∣ ,
(44)
where ∆pj±
=
√{
(pj± −
{
pj±
}
av
)2
}
av
. The standard de-
viation of the momentum defined above can be expressed
as ∆pi =
√
∆2
pi+
+ ∆2
pi−
. Therefore, the product of the
standard deviations of the position and the momentum
satisfies the following inequality,
∆xi∆pj
≥ m
N
√(
1 +
(µ
ν
)2)
(Aij)2 +N2
(κ− µ2)2
ν2 + µ2
δij (45)
≥ mνχδij , (46)
where
Aij =
{
(ri − {ri}
av
)(ujm −
{
ujm
}
av
)
}
av
−δij µN(κ+ ν
2)
ν2 + µ2
, (47)
χ =
4√
1 + (µ/ν)2
|det (M)|, (48)
and det (M) is calculated from Eq. (14) as
det (M) =
κ− µ2
4ν2
. (49)
This inequality is our main result and represents the gen-
eralized uncertainty relation satisfied for quantum and
stochastic systems formulated in SVM.
As was mentioned, we need to set (α1, α2, ν) =
(0, 1/2, ~/(2m)) to reproduce the Schro¨dinger equation.
Then the above standard deviation of the momentum
agree with the well-known expression in quantum me-
chanics, ∆pi =
√〈(pˆi − 〈pˆi〉)2〉 where pˆi = −i~∂xi and
〈 〉 denotes the expectation value with a wave func-
tion. See Appendix A for details. Therefore Eq. (46)
reproduces the uncertainty relation in quantum mechan-
ics called Kennard inequality, ∆xi∆pj ≥ ~2 δij .
One should remember that the optimization in SVM
reproduces the result of the classical variation in vanish-
ing limit of ν. Therefore one can easily see the trivial
result that the finite minimum uncertainty disappears in
classical systems. On the contrary, the finiteness of the
minimum uncertainty is held for any stochastic dynamics
with a finite ν because det (M) 6= 0 for any (α1, α2).
A. Robertson-Schro¨dinger uncertainty relation
As a more general uncertainty relation, there exists
the Robertson-Schro¨dinger uncertainty relation. When
this uncertainty relation is applied to the position and
momentum operators, we find the following inequality,
∆2xi∆
2
pj ≥
~2
4
+
∣∣∣∣12 〈[xˆi, pˆj ]+〉 − 〈xˆi〉〈pˆj〉
∣∣∣∣2
=
~2
4
+ (Re[〈(xˆi − 〈xˆi〉)(pˆj − 〈pˆj〉)])2, (50)
where [ ]+ denotes the anti-commutator.
On the other hand, when we employ the parameters to
reproduce the quantum mechanical results in SVM. the
same result can be obtained from Eq. (45), noting that{
(ri − {ri}
av
)(ujm −
{
ujm
}
av
)
}
av
=
1
m
Re[〈(xˆi − 〈xˆi〉)(pˆj − 〈pˆj〉)]. (51)
Therefore the Robertson-Schro¨dinger uncertainty rela-
tion is obtained when Eq. (45) is used while the Kennerd
inequality is derived for Eq. (46).
IV. APPLICATION TO CONTINUUM MEDIA
So far, two examples in the continuum media are
known to be described in the framework of SVM: one is
the Gross-Pitaevskii equation and the other the Navier-
Stokes-Fourier equation. We study our uncertainty rela-
tions in these cases.
A. Gross-Pitaevskii equation
In the usual derivation of the Gross-Pitaevskii equa-
tion, we start from the bosonic system described by the
7following Hamiltonian operator,
Hˆ =
∫
d3x
[
~2
2m
∇φˆ†(x) · ∇φˆ(x) + V (x)φˆ†(x)φˆ(x)
+
U0
2
(φˆ†(x)φˆ(x))2
]
, (52)
where m, V (x) and U0 are the mass of an atom, an exter-
nal potential and the coupling constant of the two-body
interaction, respectively. The bosonic field operator sat-
isfies
[φˆ(x, t), φˆ†(x′, t)] = δ(3)(x− x′). (53)
By applying the mean-field approximation to this
quantum-field theoretical system, we obtain the Gross-
Pitaevskii equation which describes the behavior of the
Bose-Einstein condensate of the ultracold atom.
The same equation can be obtained in a different way.
Let us consider a classical gas composed of N particles.
To describe the exact behavior of the gas, we need to
solve the N -body Newton equations. On the other hand,
when we are interested in only macroscopic behaviors of
the gas, we do not need to know the positions and veloc-
ities of the particles. Instead, it is sufficient to observe
the behaviors of the reduced number of macroscopic vari-
ables: the mass density and the velocity field. Then the
many-body particle system is regarded as a continuum
medium. The approximated quantum dynamics of such
a many-body system can be obtained by applying SVM
to the Lagrangian of the continuum medium [21].
Let us consider the situation in the ultracold atom,
choosing the internal energy density in Eq. (30) as
ε(ρm(x, t)) =
U0
2
ρ2m(x, t)
m2
. (54)
Other parameters are the same as those in the case of the
Schro¨dinger equation; (α1, α2, ν) = (0, 1/2, ~/(2m)).
Substituting these into Eqs. (5) and (36) and defining
the wave function ψ(x, t) in the same way as Eq. (28),
the Gross-Pitaevskii equation is reproduced,
i~∂tψ(x, t) =
[
− ~
2
2m
∇2 + V (x) + U0|ψ(x, t)|2
]
ψ(x, t),
(55)
See Ref. [21] for more details.
Now, by using Eq. (46), the uncertainty relation ob-
tained from our formula is expressed as
∆xi∆pj ≥ ~2 δij . (56)
This inequality is the same as the one obtained in the
quantum field theory from Eq. (53), where the standard
deviations are represented by
∆xi =
1
〈∫ d3x φˆ†(x, t)φˆ(x, t)〉√〈(xˆi)2〉 − 〈xˆi〉2, (57)
∆pi =
√
〈(pˆi)2〉 − 〈pˆi〉2, (58)
xˆ =
∫
d3xφˆ†xφˆ, (59)
pˆ =
∫
d3xφˆ†(−i~∇)φˆ, (60)
where 〈 〉 denotes the expectation value with a state
vector in a Fock space. That is, our uncertainty relation
is consistent with that of the quantum field theory.
As a different derivation of the Gross-Pitaevskii equa-
tion in SVM, see Ref. [43]. The bosonic field quantization
in the framework of SVM is studied in Ref. [44].
B. Navier-Stokes-Fourier equation
So far we have exclusively considered the case where
the noise term is interpreted as the origin of the quan-
tum fluctuations where ν = ~/(2m). Now we consider a
classical stochastic system where ν characterizes the in-
tensity of the thermal fluctuations and thus is given by a
function of temperature. We further choose the parame-
ters α2 = 0, then κ vanishes and our optimized equation
(36) is reduced to
ρm (∂t + um · ∇)um −∇ · (ηÊ) = −∇P. (61)
Here we take V = 0 for the sake of simplicity. Then ηÊ
represents the stress tensor and this is the Navier-Stokes-
Fourier equation [78]. We introduced the coefficient of
viscosity η = µρm. Then µ = α1ν = η/ρm is known as
kinematic viscosity.
In the modern perspective in statistical mechanics, the
macroscopic dissipation (viscosity) is induced by the fluc-
tuation of the underlying microscopic degrees of freedom.
This property results in the fluctuation-dissipation theo-
rem. We can consider that the SVM formulation of the
Navier-Stokes-Fourier equation naturally reflects this as-
pect. Moreover the coefficient of viscosity is formally ex-
pressed with the velocity (current) correlation function
of the constituent particles,
µ =
α1
3N
∫ ∞
−∞
dtθ(t) {δv(r, t) · δv(r, 0)}av , (62)
with δv(r, t) = dr(R, t)/dt− u(r(R, t)).
Substituting these parameters into our inequality (46),
the uncertainty relation for hydrodynamics is given by
∆xi∆pj ≥ mµ
2√
µ2 + ν2
δij . (63)
Note that the standard deviations can be expressed
as the averages with respect to the mass density dis-
tribution because, for an arbitrary function F (x, t),
{F (r(R, t), t)}av =
∫
d3x ρm(x,t)m F (x, t).
8Equation (63) means that the minimum uncertainty
becomes larger as the increase of the viscosity of the
fluid. This is reasonable, because due to the fluctuation-
dissipation theorem, larger fluctuation induces higher vis-
cosity and vice-versa.
The dimension of µ and ν is L2T−1 and, for a macro-
scopic fluid, the magnitude of µ which represents the vis-
cosity of fluids, is of the order of the macroscopic scale.
On the other hand, ν is the noise intensity in the micro-
scopic dynamics described by Eq. (1). Then the mag-
nitude of the associated distance (L) is the microscopic
scale, while that of LT−1 should be, at a maximum, of
the order of the sound velocity. Thus the magnitude of ν
is expected to be much smaller than that of µ. Let us es-
timate the minimum uncertainty, for example, of water.
Assuming the simple fluid, m is equivalent to the mass
of the water molecule, ∼ 3 × 10−26 kg. The kinematic
viscosity at room temperature is ∼ 1×10−6 m2/s. Then
the minimum uncertainty is estimated as
mµ2√
µ2 + ν2
∼ mµ ∼ 3× 10−32 [kg m2/s2] ∼ 100× ~
2
.
(64)
This value is two orders larger than that of quantum me-
chanics but is still much smaller than the (coarse-grained)
macroscopic scales of hydrodynamics. To observe this
uncertainty for a fluid, we need to measure the mass dis-
tribution and the velocity field of fluids with precision. In
such a precision, however, the hydrodynamic description
normally looses its validity because the hydrodynamic
approach is applicable only to macroscopic variables ob-
served in a coarse-grained scale which will be much larger
than ~. See also the discussion in Sec. V.
1. The possible role of the κ term in hydrodynamics
In the discussion above, we set α2 = 0 to ignore the
coefficient κ = 2α2ν because such a term is usually con-
sidered to be irrelevant to the dynamics of fluids, while
the same term, which is called quantum potential, plays
an important role in the hydrodynamic representation
of the Scho¨dinger equation [45] (See the last term on the
left hand side of Eq. (25)). Recently, Brenner pointed out
that, since the velocity of a tracer particle of fluids is not
necessarily parallel to the mass velocity, the existence of
these two velocities should be taken into account in the
formulation of hydrodynamics. By applying the linear
irreversible thermodynamics, then, it is found that the
difference of the two velocities are characterized by the
mass density gradient as is our self-consistency condition
(7) and a new term analogous to the quantum potential
can appear. This modified theory is called the bivelocity
hydrodynamics [46, 47]. The similar results are obtained
in various approaches including SVM, but the existence
is still controversial [21, 48–55]. See also TABLE 1 of Ref.
[47]. It is also worth mentioning that the structure which
is the same as the bivelocity hydrodynamics naturally ap-
pears as the next-to-leading order relativistic corrections
to the Navier-Stokes-Fourier equation [55].
Another possible role of the κ term is related to the
sign of the kinetic term in the stochastic Lagrangian. To
obtain the Navier-Stokes-Fourier equation, we chose α1 >
0 and α2 = 0, leading to
Tr (M) > 0 and det (M) < 0, (65)
where M is the two-by-two matrix (14) appearing in the
stochastic Lagrangian. On the other hand, from the well-
known second-order algebra, the necessary and sufficient
condition for the positive-semidefinite kinetic term in Eq.
(17) (or equivalently Eq. (31)) is given by
Tr (M) > 0 and det (M) > 0, (66)
and it demands
µ <
√
κ. (67)
Therefore, to have a finite viscosity requiring the positive
kinetic term, κ should be finite. Note, however, that it is
not clear whether such a requirement is mandatory, be-
cause the above positivity is irrelevant to the positivity of
the fluid energy,
∫
d3x
[
1
2ρm(x, t)u
2
m(x, t) + ε(ρm(x, t))
]
which is positive independently of the value of κ.
This κ term may play an important role in applying
the hydrodynamic model to microscopic systems such as
relativistic heavy-ion collisions, as is discussed in Sec. V.
V. CONCLUDING REMARKS
We discussed the uncertainty relation satisfied for
general stochastic systems which are described in the
stochastic variational method. We first developed the
Hamiltonian formulation of SVM. Then we introduced
the two different momenta through the Legendre trans-
formation of the stochastic Lagrangian. Because the
contributions from the two momenta are the same in
the stochastic Newton equation, the standard deviation
of the momentum should be defined by the symmetric
average of the standard deviations of those momenta.
Using this, we derived the generalized uncertainty rela-
tion satisfied for stochastic systems described in SVM.
When we choose the parameter set which reproduces the
Scho¨dinger equation, our uncertainty relation is reduced
to the Kennard inequality in quantum mechanics. Note
that the SVM quantization does not always reproduce
the same result as the canonical quantization. As an ex-
ample, see Appendix B.
The stochastic generalization of the variational princi-
ple indicates that we need to use the two optimizations
quite differently, depending on the hierarchy of observa-
tion scales in physics. Suppose that we obtain an equa-
tion by optimizing an action. When we observe a system
with a macroscopic scale where we can ignore the possi-
ble zig-zag motion, it is sufficient to use classical variation
9for the optimization. However, when we are interested in
more precise behaviors in a microscopic scale and hence
we cannot ignore the non-differentiable trajectories in the
optimization of the same action, the stochastic variation
should be employed.
In this paper, we have focused on the uncertainty re-
lation of the position and the momentum. To obtain the
uncertainty relation of, for example, the angle and the
angular momentum, we have to express Eq. (1) in the
spherical coordinate but then the transformation law of
the standard Wiener process Wt is non-trivial. See, for
example, Ref. [56]. The generalization of the present
formulation for such a case is left as a future work.
Applying the present approach to the continuum me-
dia, we investigated the uncertainty relation for the
Gross-Pitaevskii equation and the Navier-Stokes-Fourier
equation. For the former, we confirmed that our result
is the same as that obtained in the quantum field theory.
For the latter, we found that the minimum uncertainty is
enhanced as the increase of the viscosity. This is a reason-
able behavior because, from the fluctuation-dissipation
theorem, higher viscosity indicates larger fluctuation and
vice-versa. For the water at room temperature, the mini-
mum uncertainty becomes two orders of magnitude larger
than that of quantum mechanics, ~/2. It is however much
smaller than the (coarse-grained) macroscopic scales of
hydrodynamics and thus the effect of the minimum un-
certainty is negligible in the usual fluids. In our formu-
lation, the minimum uncertainty never disappear for any
stochastic systems, independently of the values of (µ, κ)
when the momenta are well-defined. Therefore, we can
consider that the finite minimum uncertainty between the
position and the momentum is not an inherent feature in
quantum mechanics but a common feature in stochastic
systems described in SVM.
However, the existence of the minimum uncertainty
for continuum media shows that a special care should
be taken when a hydrodynamic approach is applied to
microscopic systems. For example, the hydrodynamic
models are often employed to describe the behaviors of
the hot matters created in relativistic heavy-ion collisions
[57]. Although the uncertainty relation for the relativis-
tic fluid is not obtained here, it is reasonable to assume
that the minimum value cannot be smaller than the quan-
tum mechanical one, ~/2. The global size of the initially
produced fluid is the order of 10 fm, but the distribu-
tion of the energy density is expected to be inhomoge-
neous and presents many local peaks [57]. To describe
such a peak as a fluid, the uncertainty of the position of
the fluid elements must be smaller than the size of the
peaks, say, 10−1 fm. Therefore the expected uncertainty
of the momentum becomes, at least, ∼ 1 GeV/c. If we
attribute this fluctuation to the pure thermal origin with-
out any quantum effect, then the corresponding temper-
ature would be much larger than ∼ 1 GeV/kB ∼ 1013 K.
Such a temperature far exceeds what we usually expect in
the relativistic heavy-ion collisions. However, as is seen
from the form of the κ term (quantum potential), the
effect of the quantum fluctuation is extremely enhanced
near the large inhomogeneities. Therefore, if we employ a
relativistic hydrodynamic approach to describe the above
situation, it will be necessary to consider a model which
incorporates dynamically the enhanced quantum effect
near the inhomogeneity. Then in the presence of a sharp
peak, the generated pressure should be attributed not
only to a high temperature of the hot matter, but also
to the quantum fluctuation. Such effects are expected
to be important to shed a new light to understand the
collective dynamics observed in small systems as proton-
nucleon and proton-proton collisions.
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Appendix A: Relation to quantum mechanical
standard deviation
We will show that Eq. (41) is equivalent to that in
quantum mechanics. See also the discussion in Ref. [58].
First we find the second order correlation of the momen-
tum operator in quantum mechanics as
〈pˆ2〉 = 〈~2(∇R(x, t))2 + (∇S(x, t))2〉, (A1)
where 〈 〉 represents the expectation value with the
wave function ψ(x, t) = eR(x,t)−iS(x,t)/~ with the real
functions R(x, t) and S(x, t). On the other hand, Eq.
(7) is re-expressed with this decomposition of the wave
function as u(x, t)− u˜(x, t) = 2~∇R(x, t)/m. Note that
the current of the probability density is equivalent to
that of the Fokker-Planck equation. Therefore the mean
velocity is expressed as um(x, t) = ∇S/m(x, t).
Using these relations, we can show that E[(mu)2 +
(mu˜)2]/2 = 〈pˆ2〉 and E[mu] = E[mu˜] = 〈∇S〉/m = 〈pˆ〉.
Summarizing these results, we find
(∆p)
2 = 〈pˆ2〉 − 〈pˆ〉2
=
E[(mu)2]− (E[mu])2
2
+
E[(mu˜)2]− (E[mu˜])2
2
. (A2)
For the case of quantum mechanics where (α1, α2) =
(0, 1/2) and ν = ~/(2m), we have p = mu and p¯ = mu˜.
Therefore the right hand side of the above result is equiv-
alent to Eq. (41).
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Appendix B: Uncertainty relation for quantum
dissipative system
There is an example where SVM leads to the differ-
ent result from the canonical quantization [59, 60]. We
consider the following time-dependent Lagrangian,
L(r, r˙, t) = eγt
[
m
2
(
dr(t)
dt
)2
− V (r(t))
]
, (B1)
where γ is a constant which characterizes the time scale
of the relaxation of a particle with the mass m. It is easily
confirmed that we obtain a dissipative equation from this
Lagrangian by applying the classical variational method.
The canonical quantization of this system was studied
by Caldirola [61] and Kanai [62], leading to the following
Schro¨dinger equation,
i~ψ =
[
− ~
2
2m
e−γt∂2x + e
γtV (x)
]
ψ, (B2)
defining the momentum operator pˆ = −i~∂x. Therefore,
the corresponding uncertainty relation is
∆x∆p ≥ ~
2
. (B3)
The SVM quantization of the same Lagrangian was
studied in Ref. [59]. The stochastic Lagrangian is then
expressed as
L(r,Dr, D˜r, t) = eγt
[
m
(Dr(t))2 + (D˜r(t))2
4
− V (r(t))
]
.
(B4)
We consider that r(t) satisfies the same stochastic differ-
ential equations (1) and (6), and ν = ~/(2m). Then the
stochastic variation leads to
i~∂tψ =
[
− ~
2
2m
∂2x + V (x) +
i~
2
γ ln
ψ∗
ψ
+ a(t)
]
ψ, (B5)
where a(t) is an arbitrary time-dependent factor, which
can be absorbed into the definition of the phase [59].
This non-linear Schro¨dinger equation coincides with the
so-called Kostin (or Schro¨dinger-Langevin) equation [63–
65] by choosing a(t) = − i~2 γ 〈ln(ψ∗/ψ)〉 where 〈 〉 means
the expectation value with ψ.
In the original approach by Kostin, this equation is
derived phenomenologically to satisfy Eherenfest’s theo-
rem and hence the definition of the momentum operator
is not clear. On the other hand, applying the method
developed in this paper, we find
∆x∆p ≥ ~
2
eγt, (B6)
where the momentum operator is obtained by the
stochastic Noether theorem [18], finding pˆ = −i~eγt∂x.
As is seen from the right hand side, the minimum un-
certainty increases with time. This behavior is different
from the Caldirola-Kanai theory, but in reality, the be-
havior of Eq. (B3) is considered to be problematic. Fol-
lowing the discussion in Refs. [64–68], the uncertainty of
the inertia is defined by ∆inertia = e
−γt∆p and then Eq.
(B3) leads to the following minimum uncertainty of the
inertia,
∆x∆inertia ≥ ~
2
e−γt. (B7)
It shows that the uncertainty vanishes in the asymptotic
limit in time and this behavior is sometimes considered
to be unphysical [64–68]. On the other hand, such a
behavior does not occur in our result (B6).
It should be, however, noted that the above violation
of the uncertainty relation is still controversial. In Ref.
[69], it is argued that if we change the definition of the
momentum operators by multiplying or dividing a factor
eγt as was done to define the uncertainty of the inertia,
we need to change also the Hilbert space. If this possi-
bility is taken into account, the minimum uncertainty for
the inertia in the Caldirola-Kanai theory does not vanish
asymptotically.
There is no established method for the systematic
quantization of dissipative systems and the aforemen-
tioned theories are only one part of various approaches.
As other approaches, see, for example, Refs. [70–73] and
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